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Thermoelectricity is traditionally explained via Onsager’s irreversible, flux-force framework. The
coupled flows of heat and electric charge are modelled as steady-state flows, driven by the ther-
modynamic forces defined in terms of the gradients of local, intensive parameters like temperature
and electrochemical potential. A thermoelectric generator is a device with a finite extension, and
its performance is measured in terms of total power output and total entropy generation. These
global quantities are naturally expressed in terms of discrete or global forces derived from their local
counterparts. We analyze the thermodynamics of thermoelectricity in terms of global flux-force
relations. These relations clearly show the additional quadratic dependence of the driver flux on
global forces, corresponding to the process of Joule heating. We discuss the global kinetic coefficients
defined by these flux-force relations and prove that the equality of the global cross-coefficients is
derived from a similar property of the local coefficients. Finally, we clarify the differences between
the global framework for thermoelectric energy conversion and the recently proposed minimally
nonlinear irreversible thermodynamic model.
I. INTRODUCTION
In many transport phenomena, interesting effects arise
due to coupling between different thermodynamic forces
present simultaneously in the system. Thermoelectricity
provides a physically transparent picture of this coupling
between flows of heat and electric charge, which gives
rise to the well-known Seebeck, Peltier, and Thomson
effects [1–5]. These interference phenomena can be suc-
cessfully described within the linear flux-force formalism
of Onsager [1]. The aforesaid linear relationship between
fluxes and forces derives from the usually small magni-
tudes of the thermodynamic forces driving the system.
The latter are expressed as gradients of the locally de-
fined intensive parameters and this framework invokes
the local-equilibrium hypothesis [2].
Although, the thermodynamic explanation of the
above phenomena treats them as steady-state processes
at the local level, actual devices have macroscopic exten-
sions and so their performance needs to be analyzed by
scaling up the local description. This leads to the study
of global quantities like total power output and total en-
tropy generation by the device. Due to the increasing
worldwide demand for efficient and environment-friendly
energy convertors, many works have pursued optimiza-
tion of the material properties as well as power out-
put/cooling power of thermoelectric devices [6–19]. It
is noteworthy that a local, linear-irreversible model gives
rise to nonlinear (quadratic) dissipation terms in the flux
equations at the global level [20]. In thermoelectric-
ity, Joule heating plays the role of this dissipation term.
Thus, despite the apparent presence of nonlinearities in
thermal flux equations, the locally linear character of the
underlying framework for thermoelectricity has been em-
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phasized [20, 21].
With the advent of finite-time thermodynamics, the
flux-force framework for irreversible phenomena has been
extended to macroscopic heat devices too [22–24], where
the fluxes still are linear functions of the global or dis-
crete forces. Further, the so-called minimally nonlinear
irreversible thermodynamic (MNLIT) model [25, 26] pro-
poses generalized heat flux equations by incorporating
a nonlinear, phenomenological term at the global level,
akin to the dissipation term in thermoelectric devices.
This model may be adapted for both autonomous as well
as cyclic heat devices operating in finite time [27, 28].
In this paper, our focus is on the thermoelectric flux-
force relations at the global level. As with the stan-
dard Onsager-Callen framework, consideration of the to-
tal rate of entropy generation as a bilinear form leads to
the identification of global thermodynamic forces. We
show how the scale-up from a local description naturally
leads us to express the driven flux as a linear function
of these global or discrete forces. In consequence, we
will see that the driver flux additionally follows a nonlin-
ear dependence on these forces, equivalent to the pres-
ence of a nonlinear dissipation term discussed above. We
also define global kinetic coefficients from these flux re-
lations. A hallmark of the underlying local framework is
the equality of kinetic cross-coefficients based on princi-
ple of microscopic time reversibility [29]. We observe a
similar property of the global kinetic coefficients, which
can be traced to its local counterpart.
The plan of the paper is as follows. In Section II,
Onsager-Callen framework for a thermoelectric generator
is discussed. In Section III, we identify the discrete or
global forms of forces and express the fluxes in terms of
these forces. We also obtain expressions for the global
kinetic coefficients and prove Onsager reciprocity at the
global level. In Section IV, our approach is compared
with the MNLIT model. Finally, we conclude in Section
V.
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Figure 1. Schematic of thermoelectric heat engine. Two legs
(yellow online) of a constant properties thermoelectric mate-
rial (TEM) in simultaneous contact with a hot (x = 0) and a
cold (x = l) reservoir. Electric power, P = Q˙h− Q˙c, is drawn
against an external load.
II. THERMOELECTRIC GENERATOR
Consider the thermoelectric material to be a one-
dimensional, homogeneous substance of length l and
cross-sectional area A, with given values of electrical re-
sistivity ρ, thermal conductivity κ, and Seebeck coeffi-
cient α. This is the so-called Constant Properties model
[30]. The two arms of the thermoelectric module are in
series electrically, while they are parallel to each other
thermally (see Fig. 1). To describe thermoelectricity
within linear-irreversible thermodynamic framework, the
fluxes may be chosen as the particle current density ~JN
and the thermal current density ~JQ, locally driven by
the respective affinities −~∇µ/T and ~∇(1/T ) = −~∇T/T 2,
where µ and T are the local electrochemical potential
and the temperature, respectively. Assuming small mag-
nitudes for such affinities, Onsager expressed the local
fluxes as linear combination of these affinities:
(
~JN
~JQ
)
=
(
L11 L12
L21 L22
)( −~∇µ/T
−~∇T/T 2
)
, (1)
where the Onsager coefficients, Lij , obey certain condi-
tions [1] in order to satisfy the second law of thermody-
namics. By defining the electric current density ~J = e ~JN ,
and noting that ~∇µ = e~∇V , where e is the charge on elec-
tron and V is the electrostatic potential, we can write (1)
as
(
~J
~JQ
)
=
(
e2L11 eL12
eL21 L22
)( −~∇V /T
−~∇T/T 2
)
. (2)
It is known that the knowledge of Onsager coefficients
Lij is equivalent to the knowledge of the quantities ρ, κ
and α, whereby we have the following expressions [2]:
L11 =
T
ρe2
,
L12 =
αT 2
ρe
= L21, (3)
L22 = T
2
(
α2T
ρ
+ κ
)
.
Note that the cross-coefficients are equal by virtue of the
principle of microscopic reversibility [1]. Secondly, even
if the quantities ρ, κ, and α are assumed to be constant,
the Onsager coefficients depend on local temperature T .
III. FROM LOCAL TO GLOBAL AFFINITIES
Now, the Onsager-Callen framework was formulated
for the steady-state description of irreversible phenom-
ena in terms of forces and fluxes at the local level. In
this section, we analyze how the flux-force relations are
extended to the macroscopic level i.e. applied to the full
length of the thermoelectric material.
The local rate of entropy production per unit volume,
s˙, is defined as the divergence of the entropy flux ~Js =
~JQ/T , so that s˙ = ~∇.( ~JQ/T ), which can be written as
the sum of products of fluxes and conjugate forces, as
follows.
s˙ = ~J.
(
−
~∇V
T
)
+ ~JQ(x).~∇
(
1
T
)
, (4)
where we have used [2]
~∇. ~JQ = − ~J.~∇V. (5)
Then, the rate of total entropy production per unit area
(p.u.a) along the whole length of the material (1-d case)
is S˙ = ∫ l
0
s˙ dx, and given by
S˙ = JQ(l)
Tc
− JQ(0)
Th
, (6)
where x = 0(l) corresponds to the hot (cold) end of the
material.
Now, the global power output p.u.a is given by
P = −
∫ l
0
~∇. ~JQ dx, (7)
= JQ(0)− JQ(l). (8)
Further, the use of Eq. (5) in (7), and the constant mag-
nitude | ~J | ≡ J implies that
P = J(Vc − Vh) ≡ J∆V. (9)
From Eqs. (8) and (9), we can write Eq. (6) as
S˙ = J
(
−∆V
Tc
)
+ JQ(0)
(
1
Tc
− 1
Th
)
. (10)
3Thus, the global rate of entropy production p.u.a is ex-
pressed in a bilinear form, S˙ ≡ J1X1 +J2X2, where the
corresponding flux-force pairs are identified as follows.
J1 = J, X1 = −∆V
Tc
, (11)
J2 = JQ(0), X2 =
1
Tc
− 1
Th
. (12)
Comparing Eqs. (4) and (10), we observe how the pair
of local affinities take up a discrete form, relevant for the
global description. It is interesting to analyze this bilin-
ear form further from irreversible thermodynamic point
of view. For future comparison, we consider the rate of
total entropy production, S˙ = S˙A ≡ J1X1+J2X2, where
J1 = I, X1 = −∆V
Tc
, (13)
J2 = Q˙h, X2 =
1
Tc
− 1
Th
, (14)
with I = JA and Q˙h = JQ(0)A.
A. Flux-force relations at the global level
Corresponding to linear flux-force relations at the lo-
cal level, we now enquire into the relations between fluxes
and forces at the macroscopic level. Note that the local
flux-force relations are postulated to be linear within On-
sager’s approach. Here, we wish to see how the fluxes,
Ji, in Eqs. (13) and (14), are expressed in terms of the
global or discrete affinities, Xi.
Firstly, from Eqs. (2) and (3), we can write
~J = −1
ρ
~∇V − α
ρ
~∇T. (15)
For the case of a 1-d thermoelectric element, we have
J = −1
ρ
∂V
∂x
− α
ρ
∂T
∂x
. (16)
Now, since the current density J as well as ρ and α are
constant along the length of the material, integrating the
above equation over x ∈ [0, l], we obtain:
J.l = −∆V
ρ
+
α
ρ
∆T. (17)
In the above, ∆V = Vc−Vh > 0, whereas ∆T = Th−Tc >
0. Since J = I/A and the resistance of the material is
R = ρl/A, we can write Eq. (17) as
I = −∆V
R
+
α
R
∆T. (18)
which can be rewritten in the form
J1 =
Tc
R
X1 +
αTcTh
R
X2, (19)
following the definitions in Eqs. (13) and (14).
Thus, we note that the flux J1 ≡ I is linear in the
discrete forces X1 and X2.
Similarly, from Eqs. (2) and (3), the local thermal flux
inside the thermoelectric material is given by:
JQ(x) = −
αT (x)
ρ
∂V
∂x
−
(
α2T (x)
ρ
+ κ
)
∂T
∂x
, (20)
which can be cast in the following form [21]:
JQ(x) = αT (x)J +
κ∆T
l
− ρ(l − 2x)J
2
2
. (21)
Then, thermal currents at the end points of the thermo-
electric material are evaluated to be
Q˙h = αThI +K∆T −
1
2
RI2, (22)
Q˙c = αTcI +K∆T +
1
2
RI2, (23)
where Q˙c = JQ(l)A. Also, K = κA/l is the thermal con-
ductance. Then, the total power output of thermoelectric
generator, P = Q˙h − Q˙c is given by: P = α∆TI −RI2.
We close this subsection by expressing the thermal flux
J2 ≡ Q˙h in terms of the forces (X1, X2). Substituting for
I = J1 from Eq. (19) into Eq. (22), we obtain
J2 =
αTcTh
R
X1 +
(
α2Th
R
+K
)
ThTcX2 − T
2
c
2R
X21 −
α2T 2hT
2
c
2R
X22 −
αThT
2
c
R
X1X2. (24)
Thus, we have expressed the fluxes (J1, J2) in terms of
the global affinities (X1, X2). Whereas J1 is linear in the
global forces, J2 is explicitly non-linear in these forces.
Alternately, nonlinearity lies in the quadratic dissipation
term in Eq. (22), due to Joule heating [21].
B. Global kinetic coefficients
We may formally define a set of kinetic coefficients by
assuming expansion of the fluxes in terms of the global
4affinities, as follows. We write
J1 = L11X1 + L12X2, (25)
J2 = L21X1 + L22X2 +O[X2j ]. (26)
Then, comparing Eq. (25) with (19), and Eq. (26) with
(24), we obtain
L11 = Tc
R
,
L12 = αTcTh
R
= L21, (27)
L22 = TcTh
(
α2Th
R
+K
)
.
Additionally, we have higher-order coefficients related to
the quadratic terms in Eq. (24). The above kinetic co-
efficients may be compared with their local counterparts
in Eq. (3). Now, here also we observe the equality of the
cross-coefficients. Recall, that the corresponding equal-
ity at the local level can be argued on the basis of mi-
croscopic time-reversibility. Interestingly, the equality at
the macroscopic level can also be traced to the equality
at the local level, as we show below.
From Eq. (2), we have
~JQ(x) =
L21
eL11
~J − D
L11T 2
~∇T, (28)
where D = L11L22 − L12L21. If we do not invoke Eqs.
(3), then, equivalent to Eq. (22), we can write
Q˙h =
L
′
21
eL
′
11
I +
D′A
L
′
11T
2
h l
∆T − Th l
2e2L
′
11A
I2, (29)
where the primed Onsager coefficients are evaluated at
x = 0, or T = Th. Alternately, in terms of the forces Xi,
we can write J2 ≡ Q˙h as
J2 =
L
′
21Tc
eL
′
11R
X1+TcTh
(
D′A
L
′
11T
2
h l
+
αL
′
21Tc
eL
′
11R
)
X2+O[X2j ].
(30)
Comparing the above equation with Eq. (26), we iden-
tify L21 = L′21Tc/eL
′
11R, which turns out to be equal to
L12, upon substituting from Eq. (3). Thus, we see that
the equality L21 = L12 is consistent with the equality of
Onsager coefficients (L21 = L12) at the local level.
IV. COMPARISON WITH MNLIT MODEL
As mentioned in the Introduction, the so-called MN-
LIT model [25] assumes the following extended Onsager
relations at the global level:
J¯1 = L¯11X1 + L¯12X2, (31)
J¯2 = L¯21X1 + L¯22X2 − γhJ¯21 , (32)
where γh > 0 specifies the strength of dissipation into
the hot reservoir. The Onsager-like kinetic coefficients
L¯ij are required to satisfy specific conditions in order to
satisfy the second law at the global scale, S˙ = J¯1X1 +
J¯2X2 > 0.
Now, by inspection, one can notice that the thermo-
electric generator at the global level of description, seems
like a special case of the MNLIT model, with the ki-
netic coefficients L¯ij = Lij as given by Eq. (27), and
γh = R/2. However, important distinctions between the
two frameworks need to be emphasized. First, in the
thermoelectric case, the global flux-force relations are not
postulated per se, but they emerge naturally when we
scale up the description from a local to the global level,
as shown in the previous sections. On the other hand,
the flux-force relations in the form of Eqs. (31) and (32)
are the premise of MNLIT model. Secondly, the reci-
procity of cross-coefficients, L¯21 = L¯12, is also something
which is assumed in the MNLIT model. We have seen
in the above that this feature is automatically satisfied
for the thermoelectric model, and it is derived from the
Onsager reciprocity at the local level. Thus, as has been
emphasized earlier [21, 25], the MNLIT model is not de-
rived from some microscopic model, whereas the global
description of thermoelectricity is derived from the un-
derlying local linear-irreversible model. Still, the MNLIT
model may be useful for a macroscopic modelling of irre-
versible thermal machines in the nonlinear regime [26].
V. CONCLUDING REMARKS
In the above, we have analyzed the flux-force relations
for a thermoelectric generator at global level, by scal-
ing up from the local, linear-irreversible thermodynamic
framework of Onsager and Callen. An important step is
the identification of global affinities or thermodynamic
forces and fluxes from the bilinear expression for the rate
of total entropy generation. The flux-force relation is lin-
ear in case of the driven flux (electric current) while it
is quadratic in the global forces for the driver flux (hot
thermal flux). The nonlinear dissipation terms are known
to be due to Joule heating. Further, these flux-force rela-
tions also yield expressions for the effective kinetic coef-
ficients. We observe the equality of cross-coefficients and
show that this is derived from the Onsager reciprocity at
the local level. Although, the traditional picture of ther-
moelectricity is adequate to explain the global features of
power generation and so on, we believe the global flux-
force relations expressed in terms of discrete or global
equivalent of the local forces, is also a valid depiction
of the same phenomenon. Our analysis also clarifies the
comparison with the other nonlinear phenomenological
models such as MNLIT model. One can similarly for-
mulate the global relations in the presence of magnetic
field which breaks the time-reversal symmetry [21]. As
may be expected, the global cross-coefficents are also not
equal in this case. Finally, in the present paper, we have
assumed ideal thermal contacts between the thermoelec-
tric material and the reservoirs. In principle, one can also
5include the effect of finite-conductance heat exchangers
in the performance analysis [6]. It will be interesting,
albeit more involved, to investigate the global force-flux
picture in the presence of internal as well as external ir-
reversibilities.
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Appendix A: Choice of fluxes and affinities
We recall that the choice of fluxes and conjugate affini-
ties is not unique within the Onsager framework [2].
Thus, if the particle current density ~JN and thermal cur-
rent density ~JQ are the fluxes of our description, then
−(~∇µ)/T and ~∇(1/T ), respectively, are the affinities.
On the other hand, if ~JN along with the energy current
density, defined as: ~JE(x) = ~JQ(x) + µ(x) ~JN , are cho-
sen as the fluxes, then the corresponding affinities are,
−~∇(µ/T ) and ~∇(1/T ), respectively. Analogously, the
rate of entropy production at local level is given by:
s˙ = − ~JN .~∇
(µ
T
)
+ ~JE(x).
~∇
(
1
T
)
, (A1)
The corresponding global rate of entropy production is
then given by:
S˙ = JN
(
µh
Th
− µc
Tc
)
+ JE(0)
(
1
Tc
− 1
Th
)
, (A2)
which is in a bilinear form, expressed in terms of the
corresponding fluxes and discrete forces.
Appendix B: Thermoelectric refrigerator
In this section, we study the thermoelectric device
working as a refrigerator. In this case, thermal and work
flows invert their directions relative to the case of ther-
moelectric generator. At the local level, the fluxes are the
electric flux density ~J and thermal flux density ~JQ, with
conjugate affinities as ~∇V/T and −~∇(1/T ) = ~∇T/T 2.
Local power input p.u.a. is given by P = −~∇. ~JQ =
~J.~∇V . Now, the rate of local entropy production per
unit volume, s˙ = −~∇.( ~JQ/T ) can be written as follows.
s˙ = ~J.
(
~∇V
T
)
− ~JQ(x).~∇
(
1
T
)
, (B1)
In this case, local force-flux relations are expressed as:(
~J
~JQ
)
=
(
e2L11 eL12
eL21 L22
)(
~∇V /T
~∇T/T 2
)
, (B2)
where the Onsager coefficients in terms of the properties
of thermoelectric material have the same expressions as
in Eq. (3).
Now, the rate of entropy production p.u.a along the 1-d
thermoelectric material is given as
S˙ = −JQ(l)
Tc
+
JQ(0)
Th
, (B3)
which can be rewritten as
S˙ = J
(
∆V
Th
)
+ JQ(l)
(
1
Th
− 1
Tc
)
. (B4)
The rate of total entropy production, S˙ = S˙A ≡ J1X1 +
J2X2, where
J1 = I, X1 =
∆V
Th
, (B5)
J2 = Q˙c, X2 =
1
Th
− 1
Tc
. (B6)
The above fluxes Ji may be expressed in terms of macro-
scopic affinities Xi. By using Eqs. (3) and (B2), we get
~J =
~∇V
ρ
+ α
~∇T
ρ
(B7)
Integrate it over the whole length, i.e, x ∈ [0, l], we obtain
I = ∆V /R− α∆T/R, which can be written as
J1 =
Th
R
X1 +
αTcTh
R
X2. (B8)
Also, thermal flux J2 in terms of the global forces is given
as
J2 =
αThTc
R
X1 +
(
α2Tc
R
+K
)
ThTcX2 +O[X2j ] (B9)
It shows that J2 is not a linear function of the global
forces. Next, we compare Eqs. (B8) and (B9) with Eqs.
(25) and (26) to get global kinetic coefficents:
L11 = Th
R
,
L12 = αTcTh
R
= L21, (B10)
L22 = TcTh
(
α2Tc
R
+K
)
.
These coefficients of thermoelectric refrigerator may be
compared with Eq. (27) for thermoelectric generator.
We observe the difference in the form of diagonal co-
efficients. Further, it also shows that cross-coefficients
preserve their equality which emerges from time-reversal
symmetry at the microscopic level.
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